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Chapter 6
Print ISBN: 978-81-19491-72-8, eBook ISBN: 978-81-19491-73-5

Even Path Decomposition of Cyclic Snake Graphs

E. Ebin Raja Merly *** and J. Suthiesh Goldy ™

DOI: 10.9734/bpi/ratmes/v4/1267G

Abstract

An Even Decomposition (G2, G4, G6, ..., G2n) of G is said to be an Even Path
Decomposition (EPD) if each G2i is a path of size 2i and it is denoted by (P2,P4, P6, ...,
P2n). In this chapter, we introduced the concept Even Path Decomposition of Cyclic
Snake Graphs.

Keywords: Even path decomposition; odd cyclic snake graphs; triangular snake graph;
even cyclic snake graphs,; diamond snake graph; base path.

1 Introduction

The origin of the study of Graph Decomposition can be seen in various combinatorial
problems, which emerged in the 19 century. Graph Decomposition rank among one of
the most prominent areas of Graph Theory. Many decomposition techniques were studied
in literature such as [1,2] and [3] by imposing conditions on the subgraphs. In [4], double
dimer covers on snake graphs from super cluster expansions were presented. All basic
terminologies from Graph Theory used in this chapter in the sense of Bondy & Murty [5]
and Frank Harary [6].

In this chapter, we have considered only simple and undirected graph. Let G=(¥,E) be the
(p.q) graph, then p is called the order of G and q is called the size of G. Even path
decomposition of some Even Cyclic Snake graphs is discussed in [7]. Throughout this
chapter, P2 denotes the path of size 2i, A cycle of length ¢ is denoted as C..

The following are some of the basic definitions needed for subsequent sections.

Definition 1.1: Let G = (V,E) be a simple connected graph with p vertices and
g edges. If Gi1,Ga,...,Gn are connected edge-disjoint subgraphs of G with
E(G) = E (GI)VE(Gy)u...... UE(Gn), then (G1,Go,...,Gy) is said to be a Decomposition
of G.
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Definition 1.2: A decomposition (G1,G2,G3,*** ,Gn) of G is said to be an Arithmetic
Decomposition if |E(G)|=a+ (- )dforalli= 1,2, ***,nanda,de Z*. Clearly q

n
= 5 [2a+ (n—1)d]. If a =2 and d = 2, then ¢ = n(n + 1). That is, the number of edges

of G is the sum of first » even numbers 2, 4, 6, ***, 2n. Thus we call this decomposition
as an Even Decomposition. Since the number of edges of each subgraphs of G is even,
we denote the Even Decomposition as (Gz, G4, *** ,G2).

Definition 1.3: [8] A kC— Cyclic Snake Graph has been defined as a connected graph
in which all the blocks are isomorphic to the cycle C; and the block — cut point graph is a
path P, where P is the path of minimum length that contains all the cut vertices of a kC;-
Cyclic Snake Graph. A kC; - Cyclic Snake Graph has (1—1) &+1 vertices and tk edges
where k is the number of blocks in the Cyclic Snake Graph.

Example 1.4: Throughout this chapter. the path vowiviwzva...wivk of minimum length
that contains all the cut vertices of kC; — cyclic snake graph is considered as the base
path. Here d(vi, vi+1)=2, 0< i< k—1.

Fig. 1. kCcyclic snake graph

Definition 1.5: The distance d(u,v) between two points « and v in G is the length of the
shortest path joining them.

In this chapter, we discuss about the necessary and sufficient conditions for the existence
of Even Path Decomposition (EPD) in Odd Cyclic Snake graphs and Even Cyclic Snake

Graphs. In particular, Even Path Decomposition of Triangular Snake graphs and
Diamond Snake graphs are also discussed.

2 Even Path Decomposition of Graphs

Definition 2.1: An Even Decomposition (G2, Ga, Ge,...,G24) of G is said to be an Even
Path Decomposition (EPD) if each G2 is a path of size 27 and it is denoted by (P2, Ps, Ps,
ssay P2n).
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Fig. 2. 3Cs with Even Path Decomposition (Pz, P4, Ps)

3 Even Path Decomposition of Odd Cyclic Snake Graphs

Theorem 3.1: Odd Cyclic Snake Graphs (sm?— m)Cs admit EPD (P2, Ps, Ps,..., P2s) if and
only if n = sm — 1, s is odd, s> 3, meN.

Proof: Assume (sm? — m)Cs admits EPD (P2, P4, Ps,..., Par).

Then g((sm*~ m)Cs) = s(sm?>~ m). That is s(sm?>~ m) = n(n+1). This impliesn = sm — 1,
meN.

Conversely, to prove (sm? — m)Cg admits EPD (P», P4, Ps,..., Pa;), wheren = sm — 1, 5
is odd, s> 3, meN. The proof'is by induction on ‘m’. The result is obvious when m = 1.

Suppose the result is true when m = k. (sk? — k)C; admits EPD where n = sk — 1, s is
odd, s= 3.

To prove the result is true for m = k +1 (That is to prove (s(k+1)>- (k+1))Csadmits EPD).
(s(k+1)>~ (k+1))Cs can be decomposed into (sk? —k)Cs and (Pask, P 25k+2, Poskid,...,
PZ(sk-*-s-l)).

By induction hypothesis (sk? — k)C; admits EPD (P2, Ps, Ps,.., Pa), where
n = sk — 1. Now E((s(k+1)= (k+1))Cs) = E((sk? — k)C;) + E (Pask, P 25k42, Paskes,...,

Pa(skrs-1)).
That is equal to (2k+1)s?=s and (Pask, P 25k +2, P2skt4,..., Psskis-1y) are all even paths.

We conclude by the induction principle that Odd Cyclic Snake Graphs (sm*~ m)Cs admits
EPD (P2, Pa, Ps,..., Pn). ]

Remark 3.2: The construction of the subgraphs P2, Pa, P,..., P2, of (sm’*~m)Csare as
follows.
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Let V={vg, V1, V3, ..., Vsmz_m},MEN be the set of vertices of the base path of (sm? —
m)Cs.Let the base path be Psm®-m). Psm>-m) can be decomposed into
(Ps-1, Pas-1,Pss-1,...,Psam-1)-1) where n = sm — 1, s is odd, s =2 3 and meN.

Next, let us consider the path

1), (). (3) (s-2) . @) (2), 3) (s-2) (1) (€Y)

VoUy U Uy, e, Uy Uy U Uy ey Uy DUz ey Usm2ogmoq Uz e
@) (s=2) 2 0] :
Uz oo Uz Vemz_om, meN of length (s—1)(sm?-m), where u;"’are the vertices

between two vertices of the odd cyclic snake graphs, 1 <i<sm?-m, 1< j < 5-2.

This path can be decomposed into

(Py(s-1y Pa(zs-1y» Paas—1) Pa(as—1)s s Pams—1)), (P2(s=2), Pa(zs—2) P2(3s—2) P2(4s=2)s -+ P2(ms—2))
(Pz(s—3)' P2(25—3)r p2(33-3)rP2(4S—3)l ---upz(ms-3));
(Ps+1» Pisiq, PSs+ 1. P7s+1- I P(2n1—3)5+1-P(2m—1)s+1)» (P5_3,P3s_3, Pss—3, P7s—3' L) P(Zm—3)s—3' P(Zm-l)s—S)' 8

(Pz' P2s121 Pasizs s PZS(m—])+2): (Pz;. By NP acion st(m—]))

Thus we get the EPD(P2, P4, Ps,..., Pan) of (sm? — m)Cgwheren = sm — 1, s is odd, 5 >
3 and m eN.

Theorem 3.3: Odd Cyclic Snake Graphs (sm*+ m)Cs admit EPD (P2, P4, Ps,..., P2s) if and
only if n = sm, s is odd, s> 3, meN.

Proof: Assume (sm* + m)Cs admits EPD (P2, Ps, Pe,..., P2s).

Then g((sm®+ m)Cs) = s(sm*+ m). That is s(sm®>+ m) = n(n+1). This implies n = sm,
meN.

Conversely, to prove (sm? + m)Cs admits EPD (P2, Pa, P,..., P2a), where n = sm, s is
odd, 5= 3, meN. The proof is by induction on ‘m’. The result is obvious when m = 1.

Suppose the result is true when m = k. (sk? + k)C; admits EPD where 1 = sk , s is odd,
52 3.

To prove the result is true for m = k +1 (that is to prove (s(k+1)*+(k+1))Csadmits EPD).
(s(k+1)*+ (k+1))Cscan be decomposed into (sk? + k)Cs and (P 262, Pasktd,-.., Pa(skss)).

By induction hypothesis (sk? + k)C; admits EPD (P2, Ps, Pe,..., Pan), where
n = sk Now E((s(k+1)* (k+1))Cs) = E((sk? + k)C) + E (P 252, P2skt4yery Paskes)).

That is equal to (2k+1)s*+s and (P 25 + 2, Pask+4,..., Pask+s)) are all even paths.

We conclude by the induction principle that Odd Cyclic Snake Graphs (sm*+m)Cs admits
BRI (Po PA o rst o) u
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Remark 3.4: The construction of the subgraphs P2, Ps, Ps,..., Pan  0of (sm*+m)Cs are as
follows.

Let V={vg, V1, V3, ..., Vsmz4m},;meN be the set of vertices of the base path of (sm? +

m)Cs . Let the base path be Pgn’im). Pm+m) can be decomposed into (Ps+1,
P3s+1,Pssi1,. .., Psm-1)+1), 8 18 0odd, s > 3 and meN.

Next let us consider the path

vouj(l)ug)u?), ...,u§5_2)v1ugl)ug2)u§3),... ’ ugs-z) vy u§1)
(2) (s=2)

Uen24m - Ugm2 1m Vsmz+m» MEN of length (s—1)(sm?+m).

) reny vsm2+m_1umz+m, vey

This path can be decomposed into

(P2, Pys, Pes, P .., Pzms), (PZs—z-P4s—z-Pes—z»Pss-2' k05 Dams—2)/emes (Ps+3n Pi543,Pssy3, ---IP(Zm—l)s+3)
(B3P P ) w1 Pam=3)s-1, Pam=-1)5-1)s -» (P2s Pos 20 Pass 2 » Pasgm-1y+2)

Thus we get the EPD (Ps, Pa, Ps,..., Pas) of (sm? + m)Cswhere n = sm, s is odd, s > 3
and m eN.

Definition 3.5: A Triangular Snake Graph kC3 is obtained from a path vo, vi, v2, ..., vk by
joining viand vi+1 to a new vertex u+1 for 0 <i <k- 1. That is every edge of a path of size k
is replaced by a triangle Cs. A Triangular Snake graph has 2k + 1 vertices and 3k edges
where k is the number of blocks in the triangular snake graph.

Theorem 3.6: Any Triangular Snake Graph (3m? -m)Cs admits EPD (Pa, P, ..., Pay) if
and only if n=3m -1,meN .

Proof: Assume that (3m?* -m)C3 admits EPD ( Py, Py, . . ., Pa). Clearly g((3m? -m)C3) =
3(3m* -m ). Thus 3 (3m? -m) = n(n + 1). This implies n = 3m- 1, mEN.

Conversely, suppose n=3m- 1, m€N. Let V = {w, vi, v, ... ,W3pz_,n}, mEN be the set
of vertices of the base path of (3m?* -m)Cs. Let the base path be P32_,...

Clearly, P3.,2_r, can be decomposed into (P2, Ps, P14, ..., P@m-3)3 -1, Pam-1y3-1y, m EN.

Next we consider the path vo w1 vi w2 v2 w3 va...vi 1 ivi... Ugppz_ Va2 of length
2(3m? -m).

This path can be decomposed into (P4, Pio, Pig, ..., P2ém-1)) and (Ps, P12, Pis, ..., Pé(m -
1)). Thus EPD of (3m? -m)Cs is (P2, P4, ... , P2,), where n=3m -1, m €N .

4 Even Path Decomposition of Even Cyclic Snake Graphs

Theorem 4.1: Even Cyclic Snake Graphs (tm*~ m)C, admit EPD (P, Ps, Ps,..., Pay) if

and only it = tm =1, tis even, =4, meN.
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_ = 1 @)
U0u§])u§2)u§3), Ty u](.t a)vluéi)U§2)ug3) ) sse ugt 3) (%) u:(,; ) yreny vtmz—m—1um2_ml aesy
(t-3)

W2 Vem2-m, MEN of length (¢ =2)(tm?m), where ufj; are the vertices between two

vertices viand v;+1 of the even cyclic snake graphs, 0 <i < tm*-m-1,1< j < -3
This path can be decomposed into (Pame1), Po(m-1)-1), .., Paz-1), Pai-1)); (Pame-2),

Pym-1)t-2), ..., Po2i-2), Pai-2)), (Pir2, P3t+2,Psts 2, ..., Pomt= 152)yeees (Pidy P3i= 4, Psi—4,...,
Papy- r—d),. Ay (Pzr, P4t.P6t, ey PZI(m— 2), PZI(m—:_])).

Thus we get the EPD(Ps, P4, Ps,..., Par) of (tm* — m)C, where n = tm —1, tis even,
t>4 and meN.

Theorem 4.3: Even Cyclic Snake Graphs (tm?+ m)C, admit EPD (P2, P4, Pé,..., Pa) if
and only ifn - tm’ tis even, >4, meN,

Proof: Assume (tm*+ m)C; admits EPD (P, Ps, Ps,..., Pa).
Then g((tm™ m)C) = (tm™+ m). That is t(fm*+ m) = n(n+1). This implies n = tm, meN.

Conversely, to prove (fm*+ m)C; admits EPD (P2, Pa, Pe,..., Pan) when n = tm, t is even, £
4, meN. The proofis by induction on ‘n’.

The result is obvious when m = 1.

Suppose the result is true when m = k. (tk*+ k)C, admits EPD where 7 = tk, t is even, 1> 4,
mel.

To prove the result is true for m = k +1 (that is to prove (t(k+1) (k+1))Cradmits EPD.
(#(k+1)*+(k+1))C; can be decomposed into (tk*+ k)Cy and (P2, Pass, Paikss,..,

Poeieiry).
By our induction hypothesis (#4*+ k)C;admits EPD(P5, Pa, Ps,..., P2;), where n = tk.
Now E((t(k+1)*+ (k+1))Cr) = B((tK*+ k)C)+ E (Paskes2, Patki4, Pks6,..., Poiksy).

That is equal to (2k+1)2+t and (Pai+2, Pak+s, P2ucss,..., Paukp) are all even paths.

We conclude by the induction principle that Even Cyclic Snake Graphs (tm*+ m)C,
admits EPD (P2, Pa, Ps,..., P2s), where n = tm, t is even, (24, meN. m

Remark 4.4: The construction of the subgraphs P2, P4, Ps,..., P2, of (tm

X+ m)C,are as
follows.

Let {vy, W, vy, Wy, vz’""wnn2+m’vlmz+m} ,meN be the set of vertices of the base

path of (tm* + m)C.. Let the base path be Pam?: m. Let voand Viem®+ m) be the origin and
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terminus of the base path respectively and wi’s are the internal vertices of the base path, 0
<i<tm*m-l.

ey 20 be decomposed into (P2, P3u2,Psi2,..., Pam-1+2), and (Pe, P3,Psy,...,
Z{m +m

Pami- 1), tis even, £2 4 and meN. Next let us consider the path,

= 2). (3 t-3 1 (2)
Uougl)uiZ)llis). ...,ugt 3)v1u§”u§ )ug ), m u—f, )Vz ug )' L ).

¢=3) Vem2+m» MEN of length (1=2)(tm°+m), where 1Y) are the vertices between two

tm2+m i+1

vertices v; and vi+1 of the even cyclic snake graphs, 0 < i < tm*+m-1, 1 <j < ¢-3. This
path can be decomposed into (P2, P4y, Py, ..., Pam), (Pat-2, Pat-2,Pét-2, ..., Patm-2),..-, (Pes 4,
Pt 4,Psts 4,..., Pame-1+ 4); (Pt-2,P3t-2,P5t-2, ..., Pame—1-2),(Pt-4,P31-4,P5t-4; ..., Pomt=1-4);000
(P2, Pat+2, Par2,Pets2,..., Pam-212).Thus we get the EPD (P2, P4, Ps,..., P2;) where

n=1tm, 11s even, t >4 and m eN.

u

Definition 4.5: A Diamond Snake Graph kCsis obtained from a path vovivz ... vk by
joining vertices vi and vi+1 to two new vertices %1 and wi+1 for 0 <i < k— 1. That is every
edge of the path voviv2 ... w of size & is replaced by a cycle Cs and d(vi,vit1) = 2. A
Diamond Snake graph has 3k+1 vertices and 4k edges where & is the number of blocks.

Theorem 4.6: Any Diamond Snake Graph (4m?— m)Cs admits (P2, Ps, ... ,P2,) if and
onlyif n=4m—1,meN.

Proof: Assume that (4m’-m)Cs admits EPD (P2, Ps, ... ,P).Clearly q((dm’—m)Ce)=
4(4m*— m). Thus 4(4m>— m) = n(n + 1).This implies 7 =4m— 1, m e N.

Conversely suppose n = 4m-1, me N. Let

V={Vys W,V Wy, Ve W, . V4m2_m} ;be the set of vertices of the base path
7 A

of (4m~ —m)C, Let the base path be 1)2(4mz—m)' Voand V, ,  are the origin and

terminus of the base path respectively and ws are the internal vertices of the base path, 1

< i < (4m*- m).Clearly, f'; ( 4mz_m)can be decomposed into (P4, P12,Px,...,P@am-2y2), and

(P2,P10,P1s,..., P2am-3)),meEN.

Next we consider the path voulvluzvz,...,v4m2_m_lu4mz_mv4m2_m of length
2(4m*— m).

This path can be decomposed into (Ps, Pu, P2, ...,P2@4m-1), and (Ps, Pis, Po,...,
Paam-1y6).Thus EPD of (4m*~m)Ciis (P2, P4,... ,P2n), where n =4m— 1, meN.m

Theorem 4.7: Any Diamond Snake Graph (4m*+m)Cs admits (P2, Ps, ... ,Pay) if and only
ifn=4m, meN .

Proof: Assume that (4m*+m)Csadmits EPD (P, Pa,... ,P2).

69

Scanned with CamScanner




Research and Applications Towards Mathematics and Computer Science Vol. 4
Even Path Decomposition of Cyclic Snake Graphs

Clearly q((4m*tm)Ca)= 4(4m? + m). Thus 4(4m>+ m) = n(n + 1).This implics n = 4m,
meN.

Conversely suppose n = 4m, meN.

LetV = {vo, WisVis Wy, V5,00, W4n12+’n,v4n,2+m} ;meN be the set of vertices of the

2
base path of (4m” +m)C,. Let the base path be %(4’"2%) :
origin and terminus vertices of the base path respectively and wis are the internal vertices
of the base path,

| i< (4m?+ m). Clearly, P2 (dmemy ©30 be decomposed into (Ps, Pia, P22, ...,Paam-1))

Vo and V4m2+m are the

and (P4, Pu,..,Paam2), meN. Next we consider the

V.U, v e 2
oHIVIHo Voo S s Em

path

of length 2(4m?+ m). This path can be
decomposed into (Ps, Pis, P, -.sP2am) and (P2, Pio,...,P2¢4m-3)).Thus EPD of
(4m*+tm)Csis (P2, Ps,. . . ,P2;), where n = 4m, meN . ]

S Conclusion

In this chapter, Even Path Decomposition of Cyclic Snake Graphs has been discussed.
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